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A classification of some Finsler connections 
and their applications 

By B. Bidabad and A. Tayebi 



Abstract. Some general Finsler connections are denned. Emphasis is being made 
on the Cartan tensor and its derivatives. Vanishing of the hv-curvature tensors of these 
connections characterizes Landsbergian, Berwaldian as well as Riemannian structures. 
This view point makes it possible to give a smart representation of connection theory 
in Finsler geometry and yields to a classification of Finsler connections. Some practical 
applications of these connections are also considered. 



1. Introduction 

There is always a hope of finding a solution to some of the unsolved problems 
of Finsler geometry by developing a connection theory. This hope justifies the 
introduction of new connections [2] . The study of hv-curvature of Finsler connec- 
tions is, by some authors, thought to be even urgent for theoretical physics, see for 
instance [7], [8] and [10]. Vanishing hv-curvatures of Berwald and Cartan connec- 
tions characterize Berwaldian and Landsbergian structures respectively [4], [5]. 
Discovery of Shen connection whose hv-curvature characterizes the Riemannian 
structure, seems to completes their works and permits the classification of Finsler 
connections into three different categories [9]. 

In this paper, using the vanishing property of hv-curvatures, we define three 
general kinds of Finsler connections and extend the above property to a general 
family of Finsler connections. This point of view enables us to define a more 
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general family of Finsler connections which contains some known Finsler connec- 
tions as special cases. This characterization gives rise to the classification of some 
Finsler connections with respect to the Cartan tensor and its derivatives, which is 
a smart representation of Finsler connections (see table of section 5). The distin- 
guished property of this connection is the flexibility of its reduced hv-curvature, 
which makes it very useful. In fact its reduced hv-curvature may be chosen to be 
equal to any linear differential equation formed in terms of Cartan tensor and its 
derivatives. The above property makes the geometric interpretation of the solu- 
tions of these differential equations easy. As application of this connection, we 
consider some examples, especially those in which the flag curvature is constant. 



2. Preliminaries 

Let M be a n-dimensional C°° manifold. T X M denotes the tangent space 
of M at x. The tangent bundle of M is the union of tangent spaces TM := 
U xeM T x M. We will denote the elements of TM by (x,y) where y € T X M. Let 
TM = TM\ {0}. The natural projection 7r : TM — > M is given by k(x, y) := x. 

A Finsler structure on M is a function F : TM — ► [0, oo) with the following 
properties; (i) F is C°° on TM , (ii) F is positively 1-homogeneous on the fibers 
of tangent bundle TM, and (iii) the Hessian of F 2 with elements g%j{x,y) := 
^[F 2 (x,y)]yi y j is positively defined on TM . The pair (M,F) is then called a 
Finsler manifold. F is Ricmannian if gij(x,y) are independent of y =/= 0. 

Let us consider the pull-back tangent bundle tt*TM over TM defined by 
ir*TM = {(u,v) e TM x TM \ir(u) = n(v)}. Take a local coordinate system 
(x l ) in M, the local natural frame {^r} of T X M determines a local natural frame 
di\ v for n*TM the fibers of ir*TM, where di\ v = (v, g§r| x ), and v = y l ^\ x E 
TM . The fiber ir*TM is isomorphic to T W („)M where ir(v) = x. There is a 
canonical section I of tt*TM defined by £ v = (v,v)/F(v). 

Let TTM be the tangent bundle of TM and p the canonical linear mapping 
p : TTM -> n*TM defined by p(X) = (z,n*(X)) where X e T Z TM and 
z e TM . The bundle map p satisfies p{-^) = d t and p(^) = 0. Let V Z TM 
be the set of vertical vectors at z, that is, the set of vectors tangent to the fiber 
through z, or equivalently V Z TM = kerp, called the vertical space. 

Let V be a linear connection on tt*TM, that is V : T Z TM x n*TM -» tt*TM 
such that V : (X, Y) -» V^Y. Consider the linear mapping p z : T Z TM -> T«M 
defined by = V^Fi, where A e T Z TM . The connection V is called a 

Finsler connection if for every z € TM , ^ z defines an isomorphism of V z TMq 
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onto T nz M. Therefore, the tangent space TTM in z is decomposed as T Z TM = 
H Z TM © V Z TM, where H Z TM = ker/i z is called the horizontal space defined by 
V. Indeed any tangent vector X e T Z TM in z decomposes to X = HX + VX 
where HX e H Z TM and VX e V Z TM. The structural equations of the Finsler 
connection V are 

T v (X,Y)=VjtY-VyX-p[X,Y], (1) 

n(X,Y)Z = V^VyZ -VyV^Z -V^y } Z, (2) 

where X = p(X), Y = p(Y) and Z = p(Z). The tensors Ty and £1 are called 
respectively the Torsion and Curvature tensors of V. They determine two tor- 
sion tensors defined by S(X,Y) := T V (HX,HY) and T(X,Y) := T V (VX,HY) 
and three curvature tensors defined by R(X,Y) := Q(HX, HY), P(X,Y) := 
Ct(HX, VY) and Q(X, Y) := Sl(VX, VY), where X = p(X) and Y = p(X). 

Given a Finsler structure F on M, then at each point x <G M, F{v) = 
F(y l -7~\ x ) is a function of (y l ) e M™. The fundamental tensor g is defined by 
g : n*TM <g) ir*TM — » [0,oo) with the components g(di\ v ,dj\ v ) = g%j{x,y). Thus 
(ir*TM,g) becomes a Riemannian vector bundle over TMq. The Cartan tensor 
A : n*TM ® tt*TM (g) tt*TM -» M is defined by A(<9;|„, 9 fe |„) = A ijfe (a;,y), 
where Aijk(x,y) = ^F(x,y)[F 2 (x,y)] y i y j y k . If A = then F is Riemannian. 

Flag curvature. A flag curvature is a geometrical invariant that generalizes 
what in Riemannian geometry is called the sectional curvature. For all x G A'/ 
and =^ y £ T X M , V := V 1 -^-; is called the transverse edge. Flag curvature is 
obtained by carrying out the following computation at the point (x,y) <E TMo, 
and viewing y and V as sections of ir*TM: 

K(y,V):= W W)V* 



<7(y,2/)5(^^)-[. 9 (y,^)] s 



If iiT is independent of the transverse edge V , then (M, F) is called of scalar flag 
curvature. Denoting this scalar by A = X(x, y), if it has no dependence on either 
x or y, then the Finsler manifold is said to be of constant flag curvature. 



3. General-type Finsler connection 



In this section we define a general family of Finsler connections which contains 
some known Finsler connections as special cases. 
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Definition 3.1. A tensor S : tt*TM <g> tt*TM <g> ir*TM -> E is called "com- 
patible" if it has the following properties: 

(1) S^A, Y", Z) is symmetric with respect to A, y, Z. 

(2) S(A,y,£) = 0. 

(3) 5 is homogeneous, i.e., Sijk(x,ty) — Sijk(x,y),Vt e E, where Sijk(x,y) = 
S(di,dj,d k ). 

Definition 3.2. Consider a Finsler connection D on (M,F). Let 5 and T be 
two compatible tensors on tt*TM . 

(i) The torsion tensor Td of D, defined by (1), should satisfy 

T D (X,Y) = F- 1 TMX),p{Y)))-F- 1 T{»{Y),p(X)), (3) 

where T(A, Y) is defined by g(T(X,Y),Z) := T(A,y,Z), A,y e T z TM a . 

(ii) Let (Df.g)(X, Y) := Zg(X, Y)-g(D^X, Y)-g(X,D 2 Y). Then the connection 
D is called almost-compatible with the Finsler structure if for all A, y e ir*TM 
and Z e T Z TM , 

(D^g)(X,Y) = 2A(p(Z),X,Y) + 2F- 1 A(p.(Z),X,Y) 

- 2S{p{Z),X,Y)-2F- 1 T{p{Z),X,Y). (4) 

(iii) D is called metric- compatible with Finsler structure if (D^)(X,y) = 0. 

For torsion- free connections the bundle map p satisfies p(-^-r) — di and 
p(^) = Nj°d k , where N t k = FT^P and Y k } are Christoffcl symbols of the 
torsion- free Finsler connection D. 

We have the following general theorem of existence and uniqueness of linear 
connections in different versions. 

Theorem A. ([9]) Let (M, F) be a Finsler manifold. Suppose S and T are 
two compatible tensors in ir*TM. Then there exists a unique almost-compatible 
linear connection D with torsion Td on tt*TM satisfying (i) and (ii). 

Let I denote the unique vector field in HTM such that p(£) = i. We define 
A, ™/T from tt*TM <g> ir*TM <g> tt*TM to R as follows: 

A(X, y Z) := £A(X, y Z) - A{D- t X, y Z) - A(X, DfY, Z) - A(X, y DfZ), 
T(A, Y,Z):= IA(X, Y, Z)-A{D I X, Y, Z)-A(X, Dff, Z)-A{X, Y, DjZ), (5) 

1.2.. 

where A \— A, A := A, A := A,... and m G N. Obviously, Vm G N, the tensors 
A are symmetric with respect to A, y and Z. Moreover, using Dj I = we have 
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A(X,Y,£) — 0. A Finsler metric is called a Berwald metric if for any standard 
local coordinate system (x 1 ,!/ 1 ) in TMo, the Christoffel symbols = r^(a;) are 
functions of x € M alone. A Finsler metric is called a Landsberg metric if A = 0. 
By mean of Theorem A, we can define the general Finsler connection. 

Definition 3.3. Let (M,F) be a Finsler manifold. A general-type Finsler 
connection is defined as a Finsler connection D on n*TM such that its compatible 
tensors S and T can be defined as follows: 

S := k A j tk 1 A j tk 2 A^ h K m A and T := rA, (6) 

where the coefficients k 4 , i — 1, m and r are real constants. 

4. Curvature Tensors 

Let D be a Finsler connection defined on M. Let {ei}™ =1 be a local or- 
thonormal (with respect to g) frame field for the vector bundle ir*TM such that 
g(ei,e n ) = 0,i = 1, ...,n — 1 and e n = Let be its dual co-frame 

field. One readily finds that uj n := §^rdx l — to, which is called Hilbert form, and 
uj(£) — 1. Let p — lo 1 <g> a, Dei = <S> and fiej = 20/ <g> e 3 , where {fi/} 
and {w/} are called respectively, the curvature forms and connection forms of 
D with respect to {e*}. We have /x := £>i^ = F{uj, n l + d(logF)5 l n } <g> e*. Put 
a>™+* := a;/ + d(logF)6 l n . It is easy to show that {lo 1 , uj n+t }f =1 is a local basis for 
T*(TM Q ). The equation (2) is equivalent to 

^'-^A^^^ (7) 
Since the fi •* are 2-forms on TM , they can be expanded as 

*V = ^V* A + A + ^V"** A (8) 

Let {e,,ej™ =1 be the local basis for T(TM ), which is dual to {lo\ w n+i }f =1 , 
i.e., e~i e HTM,ei e FTM such that = ej,it(ej) = Fe;. The objects 

i?, P and Q are called, respectively, the hh-, hv- and vv-curvature tensors of the 
connection D with the components i?(e/c, e;)ei = R^^ej, P(ek,ei)ei — P i 3 kl ej 
and Q(e fe ,e z )e l = Q/ fei e 3 . From (8) we sec that RP M = -R/ lk and Q/ [k = 
—Q/kl- Let we put 

dgij - gkjLo^ - s^w/ = g t3 \ k u k + gij.k^ n+k , (9) 
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dA ijk - A ljk u> - Amu/ - A l:jl Lj k l = A mi J + A ijk .iw n+ \ (10) 

where the slash " | " and point " . " are horizontal and vertical covariant derivatives 
with respect to the Finsler connection. In a similar way Vra G N, we have: 

dAijk - AijkUJi 1 - Aiikuj/ - Aijiu; k = A ijk \iu; 1 + Aijk.iuJ n+l , (11) 

m m m m 

where Aijk = A(ei,ej,e k ) and A k ij = g kl Aijk- From (10) and (11), we see that 
Aijk\i, A^k. i, Aijk\i and Aijk.i, (Vm, I G N), are all symmetric with respect to i, 
j and k. By definition of Landsberg tensor, we have Aijk\ n = Aijk- Here we use 

mm m m + 1 

the notation Aij k \ n — Aij k \ s ( s and Aij k \ n — A ij k . From (10) and (11), we get 

Anjk\i = 0, A n jk.i = -Ajki, A njk \i = and A njk .i = —Aju- (12) 

Remark J^.l. In general- type connection, the horizontal and vertical covariant 
derivatives of the metric tensor are given by 

9ij\k = 2((1 — K Q )Aijk — K 1 Aijk H \-K m A ijk ) and gij. k = 2(1 - r)A ijk . 

5. A classification of some Finsler connections 

The following results due to Berwald, Cartan and Shen, determine the rela- 
tion between hv-curvature and special Finsler spaces. These results enable us to 
classify some non-Riemannian Finsler connections and distinguish three different 
categories. 

Theorem B. ([4], [6]) Let (M, F) be a Finsler manifold. Then for the 
Berwald connection (or Chern connection ), hv-curvature vanishes if and only if F 
is a Berwald metric. 

Theorem C. ([5] ) Let (M,F) be a Finsler manifold. Then for the Cartan 
connection (or Hashiguchi connection), hv-curvature vanishes if and only if F is 
a Landsberg metric. 

Theorem D. ([9]) Let (M, F) be a Finsler manifold. Then for the Shen 
connection, hv-curvature vanishes if and only if F is Riemannian. 

The remarkable property of Shen connection, proved by Theorem D, comes 
from the fact that vanishing of its hv-curvature singles out Riemannian metrics. In 
contrast, Cartan, Berwald, Chern and Hashiguchi connections do not possess this 
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property. Thus we have three different types of Finsler connections. Theorems 
5.1, 5.2 and 5.3 of this paper, deal with a more general case and give rise to 
new families of Finsler connections that we call Berwald-type, Cartan-type and 
Shen-type connections which are defined according to the behavior of their hv- 
curvature. 

Definition 5.1. Let (M,F) be a Finsler manifold. A Finsler connection is 
called of Berwald-type (resp. of Cartan-type or Shen-type) if and only if vanish- 
ing of its hv-curvature, reduces the Finsler structure to the Berwaldian (resp. 
Landsbergian or Riemannian) one. 

From this view point one can compare some of the non-Ricmannian Finsler 
connections according to the compatibility of the tensors S and T. 

A classification of Finsler connections according to their compatible 

tensors S and T 





Compatible tensors 






Connection 


S 


T 


Metric compatibility 


Torsion 


1. Berwald 


A + A 





almost compatible 


free 


2. Chern- Rund 


A 





almost compatible 


free 


3. Berwald-type 


A + Kl A + --- + K m A 





almost compatible 


free 


4. Cartan 


A 


A 


metric compatible 


not free 


5. Hashiguchi 


A + A 


A 


almost compatible 


not free 


6. Cartan-type 


• 771 

A + n x A H hK m A 


A 


depends on K i 


not free 


7. Shen 








almost compatible 


free 


8. Shen-type 


• m 

K t A H h K m A 





almost compatible 


free 


9. General- type 


• m 

K Q A + K 1 A -\ h K m A 


rA 


depends on K i and r 


depends on r 



In this table A, A, A,..., A are Cartan tensor and their covariant derivatives, K t 
and r are arbitrary real constants. The connections 1, 2, and 3 belong to the 
Berwald-type category. The connections 4, 5, and 6 are Cartan-type connections. 
The connections 7 and 8 belong to the Shen-type Category. The connection 9 
contains all other connections. Looked at the freeness of torsion point of view, 
the Shen connection is the one most similar to the Levi-Civita connection. But 
from the metric compatibility view point, it is the Cartan connection which is 
closest to the Levi-Civita connection. 

Now we extend Theorem C to Cartan-type connections and show that the hv- 
curvature tensor of this type of connections characterizes Landsbergian structures. 
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Theorem 5.1. Let (M,F) be a Finslcr manifold. Then for Cartan-type 
connections, hv-curvature vanishes if and only if F is Landsbergian. 

To prove Theorem 5.1, we need the following lemma. 

Lemma 5.1. Let (M, F) be a Finsler manifold. Then for Cartan-type con- 
nections we have 

i \ p i i p i i p i s~ii p m i (~<i p m i /^n p m 

1 ) n j kl ' n k ij ' n l jk ~ u jm il n kl ^km^n Ij ^Im^n jk' 

o\ pi td i i y^fi A~<i i r*i p r /ri p r 

Z J r j kl ~ r k jl^ ^kl\j ^jl\k ^jr r n kl ^kr r n 3 n 

3 ) Q/fcz = Q/ffe + 2{C* k l - C] ; fe ) + 2(C l mk CJi - C l ml CJl) + C l jm (Q™ kl - Q™ lk ), 
where R ijkl = g S jRi S k i, Pijki = dsjP^, Q ijk i = 9sjQi S k i, C l jk = F~ 1 g" n A mjk . 

Proof. Let's consider the Cartan-type connection with compatible tensors 
S = A + k, x A + ■ ■ ■ + n m A and T — A. Following (3) and (4), there exits a 
connection 1-forms {^]} satisfying the following torsion and almost compatibility 
conditions. 

dco 1 =cu : > Alu/ -C l kl co k Acu n+l , (13) 

dgij = g k] u k + gikuf - 2n 1 A l]k uj k 2n m A ljk uj k . (14) 

Differentiating (13) and using (7) and (10), we get: 

Replacing Clj by (8), we prove the Lemma. □ 

Proof of Theorem 5.1: Let (M,F) be a Finsler manifold with Cartan-type 
connection and compatible tensors S = A + S and T = A, where S = k 1 A + ■ ■ ■ + 
K m A. Then the almost compatibility condition (14) becomes 

dgij = gkjuj k + gikuf - 2S ijk u) k . (15) 

Differentiating this relation leads to 

g ko n k + g lk n k = 2(S ms uj s + S llk . s Lo n+s ) A u k + 2& uv S ijk u u A 
From this relation and (8) we have 

Rijkl + Rjiki = 2{Siji\ k — Si jk \i), (16) 

Pijkl + Pjikl = —2(Sij k .l — C k iS u ij), (17) 

Qijki + Qjiki = 0. (18) 
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Permuting i, j and k in (17) and using Lemma 1 yields 

Pijkl = —Sijk.l + (C^iSuij + CjjSujk — CJiS u ki) + (Ckjl\i — 

+ {CkivP v njl C jkv P v nil ). (19) 
Multiplying this relation by y l and replacing S — n 1 A + ■ ■ ■ + n m A, we get 

m 

Pnjki = Cijk + {n^Aijk H h K m A ijk }. (20) 

If F is a Landsbergian manifold, from the above relation, we have P n jkl = 0. 
Therefore by replacing this value in (19) we find Pijki = C^jiu — Cfc»ju . In the case 
of Landsbergian manifolds, Cijm is totally symmetric in all of its four indices and 
we have Pijki — 0. Conversely, let hv-curvature be zero. Then by Lemma 1, we 
have C l kl ,. = C*;| fc , therefore M is Landsbergian. □ 

Theorem 5.2. Let (M, F) be a Finsler manifold. Then for Berwald-type 
connections, hv-curvature vanishes if and only if F is a Bcrwaldian metric. 

Proof. The complete proof of this theorem, will not be given, but only a 
sketch of the proof will be presented. For a Berwald-type connection, the hv- 
curvature is 

Pijkl = —{^Aijku H h K m A i3 k.i} - (Aiji\k + Ajki\i - A kU \j) 

+A kls P n s 3l - A jk sP n s u - A ijs P n s kl . (21) 

Therefore, we have 

Pnjkl = {^Ajki H h K m Ajki} - Ajki- (22) 

Using these relations, the theorem will follow. □ 

Theorem 5.3. Let (M, F) be a Finsler manifold. Then for Shen-type con- 
nections, hv-curvature vanishes if and only if F is Ricmannian. 

Proof. The proof of this theorem is analogous to that of the Theorem 5.1 
and is not presented here. □ 

Theorem 5.4. Let (M, F) be a Finsler manifold. Then the hv-curvature of 
general-type (respectively Berwald-type, Cartan-type or Shen-type) connections 
vanishes if and only if F is Berwaldian, Landsbergian or Ricmannian. 
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6. Some applications of general-type connections 

Much of the practical importance of this kind of connection results from the 
fact that, it is adaptable, in the sense that it is useful for getting a geometric 
interpretation for a given system of differential equation formed by Cartan tensor 
and its derivatives. Suppose that we are given a differential equation of this 
kind and we want to find a geometric meaning for its solutions. It would suffice 
to consider a Finsler connection - by fixing the compatible tensors S and T - 
for which the reduced hv-curvature coincides with the differential equation in 
question. We then apply one of the Theorems 5.1, 5.2 or 5.3 as applicable. 
6.1. Application of Shen-type connections. Here we define Shen-type con- 
nection D as Sijk = (1 — k)Aijk + kAijk — Mjk and = for which the 
reduced hv-curvature Pjki := t Pijki is equal to the given differential equation 
Pjki = Ajki + kAjki- 

Theorem 6.1. Let (M,F) be a Finsler manifold with constant Hag curvature 
A such that Pjki = 0. Then F is Ricmannian. 

Proof. Let's consider the Shen-type connection D with S^k = (1 — k)Aijk + 
kAijk — Aijk, k ^ A and T = 0. Replacing S and T in (4) and by an argument 
similar to the one used in the proof of the Theorem 1, we get 

Pijki + Pjiki = ^^{Aijk.i + Aijk.i} — 2k{Aijk.i — Aiji\k} — 2Aij m P n "^i. (23) 
From (23) we have 

Pijki = -{Aijk.i + Aijk.i} - kAijk.i + k{-Aij t \ k + Aj U \i - A k u\j} 

— 2Aij m P n m kl + 2Aki m P n m ji — 2Ajk m P n m ti- (24) 

Therefore Pjki = Ajki + kAjki- The equation Pjki = holds, from which we have 

A + kA = 0. (25) 

Since (M, F) is a Finsler manifold with constant flag curvature A, then 

A + XA = 0. (26) 

From (25) and (26) one has (A — k)A = which means that F is a Riemannian 
metric. □ 

Using the above special Shen-type connection again together with a hypoth- 
esis on the topology of M, we have the following theorem. 
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Theorem 6.2. Let (M,F) be a complete Finsler manifold with bounded 
Cartan tensor. Then (M, F) is a Riemannian manifold if and only if Pjki = 0. 

Proof. Let's consider the above Shen-type connection on the complete 
Finsler manifold (M,F). Then from the last theorem we have that the hv-curvature 
of this connection reduces to Pjki = Ajki + kAjki- Fix any X, Y, Z e n*TM at 
v e I X M = {w e T X M, F(w) = 1}. Let c : K — » M be the unit speed geodesic in 
(M, F) with § (0) = u and c := § be the canonical lift of c to TM . Let X(t), 
and Z(t) denote the parallel sections along c with X(0) = X, Y(Q) = Y 
and Z(0) = Z. Put = Z(i)), = A(X(t),Y(t),Z(t)) and 

i4(t) = A(X(t),Y(t),Z(t)). Indeed along geodesies, we have ^ = A and from 
A jkl + kA jU = 0, we get 

A(t) = (ci sinh Vfci + c 2 cosh Vkt)A(0). (27) 

For w G TM , let's define ||^4||„ := supA(X,Y, Z) where the suprcmum is taken 
over all unit vectors of 7r*TM. Let's put ||A|| = sup ve iM \\A\\ V where IM = 
UxeM ?xM. Since M is complete and ||A|| < oo, by letting t — ► +oo and t — > — oo, 
we have ci = and c 2 = 0. Therefore A = 0, and F is Riemannian. □ 

6.2. Application of Berwald-type connections. Here we consider a special 
Berwald-type connection for which the hv-curvature is equal to the given differ- 
ential equation. 

Theorem 6.3. Let (M,F) be a complete Finsler manifold with bounded 
Landsberg tensor. Then F is a Landsberg metric if and only if Pjki = 0. 

PROOF. If we put k 1 = n 3 = ■ ■ ■ = n m = and n 2 ^ in (22) then we 
find a special Berwald-type connection for which the hv-curvature is equal to 
Pjki = n 2 Ajki — Ajki- Let F be a Landsberg metric, then from the above equation 
we get Pjki — 0. Conversely, if Pjki = 0, we will have: 

K 2 Aj k i - Ajki = 0. (28) 

By an argument like the one presented in the last theorem, we have along the 
geodesies 

A(t) = e fe 2 4 i(0). (29) 

For v e TM , let's define \\A\\ V := supA(X,Y,Z) and ||i|| = sup veIM \\A\\ v . 
Using completeness of M, \\A\\ < oo and letting t — > +oo we have A(0) = 
A(X, Y, Z) = 0. From (29), we get A = 0, that is, F is a Landsberg metric. □ 
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Corollary 6.1. Every compact Finsler manifold is Landsbcrgian if and only 
if Pjki vanishe. 

Next we consider another special Berwald-type connection and give a proof 
of the following well-known result due to Akbar-Zadeh [1] . 

Corollary 6.2. . Let (M,F) be a complete Finsler manifold with negative 
constant flag curvature A and bounded Cartan tensor. Then F is Ricmannian. 

PROOF. Let's put k 2 = k 4 = • • • = n m = , k 1 = 2 and k 3 = j ^ in (21). 
We obtain a connection for which the hv-curvature becomes 

Pijkl = -{2A ijk .i + —Aijk.l} - {Aijl\k + - A kil \j) 

+Aki S P n S ji — AjksPnu — Aij S P n s kl . (30) 

From which P n jki = t Ajki + Ajki- As M has constant flag curvature we have 
A + XA = 0. So by the same argument as in the above theorem we find 

A(t) = (ci + c 2 e^ Xt + cse-^MO). (31) 

Using the boundary assumption on Cartan tensor and letting t — > oo and t — > — oo, 
we get c 2 = c 3 = 0. Therefore A = c\ and ^4 = 0. It is easy to see that ^4 = 0. □ 



7. Relation between some connections 

There is a well known result which can be used as a definition for Landsberg 
spaces, see for example [3]. 

Theorem E. Let (M, F) be a Finsler manifold. Then M is a Landsberg 
manifold if and only if the Berwald connection coincides with the Chern connec- 
tion. 

In this relation we prove the following theorem. 

Theorem 7.1. Let (M,F) be a complete Finsler manifold with bounded 
Cartan tensor. Then M is a Riemannian manifold if and only if the Berwald 
connection coincides with the Shen connection. 

PROOF. Simple calculation shows that b T l jk = s T l jk + A % - k + Aj k , where b T i jk 
and s T t j k are the Christoffel coefficients of Berwald and Shen connections respec- 
tively. If b T l - k = s T l - k , then A l - k + A l - k = 0. By the same argument as in the above 
theorems, we find A + A = whose solution is A(t) = e~*A(0). Completeness of 
M and the bounded Cartan tensor hypothesis, imply that A = 0. □ 



A classification of some Finsler connections 
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Lemma 7.1. The Christoffcl symbols for Berwald-type, Cartan-type and 
Shen-type connections denoted by B T, C T and S T respectively, are given by: 

Bri _ 9 ls rSgsj Sg jk 6g ks { ^ ?j . 

hk~ 2 1 Sxk 5xS + §xj \ + A Jk + (k 1 A jk + + K m A Jk ), 

s r i 9 ls Jg a j $9jk Sg ks ■ ™ 4 

Proof. We prove this lemma for Cartan-type connections only. In the local 
coordinate (V,?/) for TM , we write £>_a&- = c rf.a fe and & = i^.<9 fe . Put 

JV? = C T%yi = F{^P - A k n l ab l"l b } where 7 * = ± 9 M + §gf - }. For 

Cartan-type connections we consider the compatible tensors S and T defined by 
S = A + S and T = A, where S = k 1 A H h K m A From (3) and (4) we have 

° T % = C T% + NtC%^N^C k ll (32) 
F* = Ct+SttCti, (33) 



— in = a, 

dx 
_d 

dy 



nZki9ii) = 9u C T kj -9ljT l H +2S ijk , (34) 
k {9ij) = 9)iF l ik -9uF l kj . (35) 



Permuting i, j and fc in (34) and using (32), one obtains 

C Y% = j k j + N°Ct - g km N^C lls + S* . (36) 

Since ~ + = 7j fc - rCQb, we get the desired Christoffcl 

symbols. For other connections same method can be used. □ 

Corollary 7.1. Let (M,F) be a Finsler manifold. The Berwald-type con- 
nection coincides with the Shen-type connection if and only if F is Riemannian. 
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